SOME OPERATORS FOR GENERATING FUNCTIONS

Suppose we have a collection of objects of various sizes. We want to
build various configurations of the objects, like sequences of them, sets of
them, etc. What size means depends on the problem, but it should have the
property that if we group together N objects of sizes n;, i = 1,..., N, then
the size of the collection should be ny + - - + ny.

Let A(z) = aiz + asx? + azz® + ... be the OGF of the objects. We
call A the inventory GF since it records the objects available to us (like we
have a giant warehouse of these objects, and so this tells us what’s available
from there). Then it turns out that for certain configurations built from
our inventory, we can apply some standard operators to A to build the GF
counting them according to size. Many times one can go further to get
explicit formulas, estimate how many sequences there are as a function of
size, etc. But sometimes just building the GF is best one can hope for.
The power here is that we can translate certain specifications directly into
constructions, as if we were building a program by plugging together various
modules. Even very complicated constructions can be easily handled.

Sequences. Sequences of length N (i.e. ordered tuples of length N) are
counted by AN. If we want to count all sequences, including the length 0
sequence, we use the operator
Seq(A) = ﬁ C 1+ At AT 4 AP

To interpret the right hand side, read + as or. So it reads length O se-
quences or length 1 sequences or length 2 sequences ... This is an example
of composition of GFs that we already studied.

For example, suppose we have 2 x 2 in two colors, and 3 x 3 flags in four
colors. We want to put them on an n-foot flagpole. How many ways are
there to do this? Answer: the inventory GF is A = 222 + 423. We want

1
1 — (202 + 4a3)
=1+422% +42% + 42* + 162° + 2425 + 4827 + 11228 + 19227 + - - - .

Seq(A)

Multisets. If we want multisets built from A, we use

1
Mult(A) = —_.
n>1
Notice that this isn’t a composition. It’s a different kind of transform of a
GF.

For example, partitions are multisets of positive integers. The “size” of an
integer is just the integer itself, and the so the total size is the number we're
partitioning. So the inventory function is
(0.1) A=ac+a?+23+- -
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(because we have one integer of each size), and we have

Mult(A) = H ( !

1—zm)l’
n>1
which we know is the product formula for the parition GF

1+ 24222+ 323 +52% + 72° + 1125 + 1527 + 2228 + - -

If we have n different colors of the integer n, the inventory function is

(0.2) A=x+22% 323 +dat -
and
1
Mult(A) = ] oy
n>1

=142 +322+62% +132% + 242° + 4820 + 8627 + 16025 + - - -

(These are also called plane partitions.)

Sets. To build sets of elements from A, we use
Sets(A) = [ (1 + 2™
n>1
For instance, partitions with distinct parts are Sets(A) with A as in (0.1)):
1+ + 2% +22° + 220 + 32° + 42° + 527 + 62° + 827 + 10210 + 1221 + - -
If each integer n comes in n colors, use :
1+ 2+ 222 + 5a® + 8% + 162° + 282° + 492" + 832% + 14227 + - --

Cycles. If we want to arrange objects into cycles (meaning we do sequences
but consider two to be equivalent if we can cyclically permute one into the
other), we use the operator (the most complicated of these)

gp 1
Cye(A Z log — A(zk)

k>1

To compute this

e  is the Euler phi function

e The logarithm expression has the GF

log — e

o = — 4+ =+ —4...
ST T 273y

o A(z*) means we take A and substitute z* for .

For example, suppose we have three colors of beads, each of which has mass
1g, and we want to make different necklaces. The inventory is A(x) = 3z
(here size is the mass) and then

Cyc(A Z ok log

k>1

Sxk

= 32 + 622 + 112> + 242* + 512° +1302° + ...
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If we have 3 types of 1g beads, 4 types of 2g beads, 5 types of 3g beads, then
A = 3x + 42% + 523 and

(0.3) Cyc(A) = Z Sogf) log

k>1
= 3z + 1022 + 2823 + 85x* + 2722° + 97025 + 34432 + - - -

1
1 — 3zF — 422k — 53k

Combining operations. We can use compositions of these operators to
build some really complicated things. Suppose for instance we want to make
necklaces out of partitions, then we want to arrange the necklaces into se-
quences. The size in this case is the sum of all the numbers represented by
the little partitions in the final configuration. Then we start with

A=x+22%+32% +52* + 72° + 1125 + 1527 + 2228 + 302° + 42210 + - ..

which counts partitions (but doesn’t include the constant term . . . that would
be a basic object of size 0, and if we have that we don’t have finitely many
configurations of a fixed total size). Then we do

Seq(Cyc(4))
= 1+a+422+1323+4524 +1502°+51520 ++174527 + 596225 +20326 27+ - -
If we want to do sequences of partitions arranged into cycles:

Cyc(Seq(A) — 1)
= r+42% 4+ 1223 4+ 402 + 12625 4+ 42925 + 142227 + 48612° +165992° + - - -

(we have to eliminate the empty sequence before we assemble into cycles).
If we want cycles of partitions, then those arranged into cycles

Cyc(Cyc(A))
= 2+ 42° +102% + 302* + 792° + 24525 + 70927 + 21922% + 670927 + - - -

Try computing some of these coefficients by hand. Up to 22 is usually enough
to see what’s going on and is doable.



